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EQUIVARIANT SPECIAL L -VALUES OF ABELIAN f-MODULES 


JIANGXUE FANG 


Abstract. We prove a formula of the equivariant oo-adic special L -values of abelian t- modules. 
This gives function field analogues of the equivariant class number formula. As an application, 
we calculate the special values of Art in L-functions for Galois representations. 


1. Introduction and statement of the main results 

Let k be a finite field of g-elements and of characteristic p. Let F be a finite field extension of 
k. For any fc-module M and any variable t, let M[t] = M && k[t\, M[[t -1 ]] = and 

M((r 1 )) = M§^((r 1 )). 

Definition 1.1. (1) For any finite F[t]-module M , the characteristic polynomial of M is 

defined to be 

|M| F [ t ] = det F [ t ] (l 0 t - t <g) 1, M F[t]^j, 
where the F[t] -module structure on M is given by E[t]. 

(2) Let H be a finite abelian group of order prime to p and M a finite fc[t][U]-module. Then 

k[H] * m=i k i for some finite fields fcj and M ~ for some finite fo;[f]-module Mi. Define 

r r 

\M\k[t][H] = JJ \Mi\ ki [t) € = k[t][H]. 

i =1 i=1 

(3) Let H be a finite abelian group and M a finite k[t][H] -module which is free over k[H], Define 

\M\k[t][H] = det fc [i][ff] M ® fe k[t]j , 

where the fc[t]-module structure on M k[t] is given by k[t) and the /c[I?]-module structure is 
given by M. 

Let K be a finite field extension of k(t) and L a finite Galois extension of K with Galois group 
G = G{L/K). Let Ok and Ol be the integral closures of k[t\ in K and L, respectively. Let z 
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be the image of t in Ok and O^. For any maximal ideal p of Ok, choose a prime ideal of Ol 
above p. Let G<p be the decomposition group and /qj the inertia group of tp over p. Then we have 
an isomorphism G<p//<p — G(k< p/Kp) onto the Galois group of the residue field extension k<^/k p . 
Then G<p//<p is generated by the Frobenius element Frobsp whose image in G(k< p/k p ) is the |ac p |-th 
power map. We have 


Mk[t] = n (*-<*(*)) e c fc ((* 1 ))- 

S€G(k, p / k) 

Thus | w j ^ £ f -1 fc[[t -1 ]]. Let % : G —» F x be a character. Define the oo-adic L-value of x at 1 by 
the convergent infinite product 


peMa x(Ok) P 


+ t~ 1 F[[t- 1 ]} 


where Max(Ox) is the set of maximal ideals of Ok and where we define x(p) as follows: 

_ / x(Frob«p) if xl % = 1, 


X(P) 1 0 it Xl% 7^ 1- 

Generally, let p : G —> GL^tV) be a representation of G on a finite dimensional F -vector space V. 


Definition 1.2. For any positive integer n, define the oo-adic L-value of p at n by the convergent 
infinite product 

L{n, p)= I] d etF[[t-i]] (l - Pi ^\ V 1 * [[f 1 ]]) ~* € 1 + t-'Fir 1 ]]. 

peMa x(0,t) I plfc[t] 

Definition 1.3. The n-th tensor power of Carlitz module is the functor 

G 0n : {Ox-algebras} -► {fc[f]-modules} 

that associates each G^-algebra B to a fc[f]-module C® n (B) whose underlying k- vector space is 
B n and whose fc[t]-module structure is given by 

G 0n : k[t] -» End k{B n ), x\,.. .,x n -i,x n ) = (zx 1 +x 2 ,-. -,zx n - 1 + x n ,zx n + x\) 

for any X\,,x n £ B. 


Let V* = Horn/?(!/, F). Define a right F[G]-module structure on V* by 


( (pg){v ) = <p{p(g){v)) for any ip £ V*, g £ G and v £ V. 
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For any left fc[i][G]-module M, we get a P[t]-module V* ® fe [ G ] M. Thus we get two finite F[t]- 
modules V* ® fc[G] C® n (0 L /pO L ) and V* ® fc[G] Lie(G® n )(G L /pC> L ). Let Iv V be the sub-P[G]- 
module of V generated by gv — v for any g £ 1 %j and v £ V and let = V/i v V. In this paper, 
we will prove the following lemma. 


Lemma 1.4. We have 


L ( n ’ = n 


peMax(Oftr) 


\V* ® fc[G] Ue(C® n )(0 L /pO L )\ F[t] 

\V* ® fc[G] c^(o L /po L )\ F[t] 


e l + r 1 F[[r 1 ]]. 


Since G is arbitrary, then V* ®fc[ G ] Gl may not be a locally free GA'-module. So we can’t use 
the method of [4j to study L(n , p). However, Hom^y] (F, Ol) is a locally free G^-module. In 
order to study L(n, p), we must consider the following convergent infinite product 


L(c® n , P )= n 


pGMax(O^) 

In this paper, we also prove the following lemma. 


|Hom fc[G] (V; Ue(C® n )(0 L /pO L ))\ F[t] 
|Hom fc[G] (F, C® n (0 L /pOL))\ F [t\ ' 


Lemma 1.5. We have 


L(C® n ,p)= [] det F[[t - 1]] (l- ^y p) , V^t- 1 ]])' 1 el+t~ 1 F[[t~ 1 ]] 


p£Max(0 K ) 


Plfe[t] 


and 


L{n , p) 


£ F(t) x . 


L{C® n , p) 

This means that L(n, p) and L(C® n , p) are equal up to a rational polynomial. 


For any matrix (ay) over a fc-algebra, denote by (ay)^ 9 i = (ay). Let M u (Ok ) be the ring of 
n x a-matrices over Ok and let M u (Ok){t} be the ring over M u (Ok) generated by r with the 
relation rP = P^t for any P £ M n (OK)- 

Definition 1.6. An abelian t-module E over Ok is a fc[t]-module scheme E over Ok whose 
underlying k- vector space scheme is isomorphic to G™ for some positive integer n and the k{t\- 
module structure on E is given by 

E : k[t\ -> Endfc- group (P) = M n (0 K ){r} 

such that E(t) = A s t s for some Aq, ... ,A r £ M h (Ok) with (A 0 — zl n ) n = 0. The integer n 
is called the dimension of E. 
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Remark 1.7. An abelian i-module E over Ok defines a functor 

E : {Ox-algebras} —> {fc[t]-modules}. 

The n-th tensor power G®" of Carlitz module C is an abelian t -module of dimension n. 


Definition 1.8. Define the oo-adic L -value L(E , p) of E twisted by p to be the convergent infinite 
product 


HE, p ) 


n 

peMax(Oftr) 


|Hom fe[G] (y, Ue(E)(Q L /pO L ))\ F[t] 
|Hom fc [ G ](V, E(0 L /pO L ))\F[t] 


G 1 +t~ 1 F[[t~ 1 ]]. 


Let Kca = K k((t x )) and Loo = L ®k(t) k{{t 1 )). There exists a unique power series 

exp E X = ^2e s X < ' qS '> 

s>0 

with X = (A'i,. .., X n ) T and e s G Af„(A' 00 ) such that eo = I n and 

r 

exp iS (AoA) = ^ A s (exp E X) (q3) . 

s=o 

We get a continuous and open k [£] [G]-linear map 

expx : Lie(E)(Loo) -> E{Loo). 

By [11 Lemma 1.7], we get a k((t 1 ))[G]-module structure on Lie(E)(L 00 ). By normal basis 
theorem, L is a free A'[G]-module of rank one. Then Lie(E)(L oa ) is a free fc((< _1 ))[G]-module of 
rank [K : k(t)] dim A. 


Definition 1.9. Suppose S' is a commutative ring. A perfect complex of S-modules is a bounded 
complex of projective S-modules of finite type. Let D per (S) be the full subcategory of D(S) 
consisting of all objects which can be represented by a perfect complex. For any perfect complex 
G = (G l )i e z, the determinant dets(G) of G is defined by <S> ie z d e ts(G l ) ( ^B\ For any two 
isomorphisms /, g : dets(Gi) ~ dets(G 2 ) for some Gi, G 2 G D perf (S), denote by [/ : g\ the 
element of S x such that / = [/ : g\g. 

Definition 1.10. Let A be a finite abelian group of order prime to p. Let V be a free A((t _1 ))[A]- 
module of finite rank. 

(1) A lattice in V is a finitely generated projective sub-A[t][A]-module A of V such that the 
natural morphism A®x[t][ff] —>• W is isomorphic. 



EQUIVARIANT SPECIAL L-VALUES OF ABELIAN t-MODULES 


5 


(2) Let Ai and A 2 be two lattices of V. Any isomorphism detjT-jt][jyj (Ap) ~ det^^f#] (A 2 ) defines 
an isomorphism det F((t -i ))[H] (X ®F[t][ff]-F((* _1 ))[-Hl) ~ det F((t -i ))[if] (^A 2 (8) F[t][H] F((t" 1 ))[iL]^ . 
Let / be the composite 

det F (( t -i))[ ff ](V) ~ det F (( t -:i)) [H ] (Ai ®f[i][h] ^((^ 1 ))[^]) 

— det i ?(( t -i))[ fl -j ^A 2 ®F[t][n]— detF((t-i))[ff](f / ). 

Then the image of [/ : 1] in F((t _1 ))[iL] x /F[7L] x does not depend on the choice of the isomorphism 
detF[t][ir](Ai) ~ det F [ t ][#](A 2 ). Denote by [Ai : A 2 ] F ((t-i))[Lf] the unique monic representative of 
[/:!] in 


Define 

UYZT- \ 1 {tt /t r T • tT^MT \\ eX PE H° m fc[G](^ ^(ioo))\ 

H(E , p) = cokerf Hom fe[G] (V, Lie)#))!^))->• —- 1. 

V Homfc [G ](V, E(Ol))' 

Theorem 1.11. Let E be an abelian t-module over Ok- Let p : G — > GLf(G) be a finite dimen¬ 
sional F-linear representation of the Galois group of a finite Galois extension L of K. Then 
Homuq (V. Li b(E)(Ol)) and Hom fc [ G ](T, exp^ (F(Cb,))) are lattices of the finite dimensional 
F((t~ 1 ))-vec tor space Hom fc [ G ] (V, Li e(E)(L cx> )) and H(E, p) is a finite F[t]-module. Moreover, 

L(E, p) = [Hom fe[G] (V, Lie(F)(G L )) : Hom fc[G] (V, ^ V ~ E \E{0 L )))\ mt -^ • | H{E, p)\ F[t] . 


It is convenient to group all L(E, p) together in an equivariant L -value L(E , G ) € 1 +t 1 fc[[t : ]] [G] 
such that 

(1.1) L(E, p) = detF (( t-i )) (l(F, G), y((t -1 ))) €1 + t- 1 F[[t~ 1 ]}. 

If k[G] is not commutative or regular, we can’t talk about the determinant for any /c[G]-modules. 
So we must assume that G is an abelian group of order prime to p for the existence of an equivariant 
L-value L(E, G) € 1 + t _1 fc[[t _1 ]][G]. So in the rest of this section, we assume that G is an abelian 
group of order prime to p. 


Definition 1.12. For an abelian f-module E over Ok, the equivariant oo-adic L-value L(E, G) 
of E on L/K is defined to be the convergent infinite product 


peMax(C>Ar) 
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Define 

tt/ rp /~t\ _ ^(^oo) _ 

1 ’ j ~~ exp B (Lie(£’)(L 00 )) + E(O l ) ' 

In this paper, we also prove the following theorem. 

Theorem 1.13. Let E be an abelian t-module over Ok- Let L be a finite Galois extension of K 
whose Galois group G is an abelian group of order prime to p. 

(1) Then Lie(E)(Oi) and exp^^L^C^)) are lattices of the free fc((t _1 ))[G]-module Li e(E)(L 00 ) 
of finite rank and H(E , G ) is a finite fc[t][G]-module. We have 

L(E, G) = [Li e(E)(0 L ) : exp^(B(0 L ))] fc((t -i ))[G] • | H(E, G)\ k[t][G] e fc((t- 1 ))[G] x . 

(2) (11.11) holds for any finite dimensional F- linear representation p : G —> GL^(F). 

Remark 1.14. These theorems generalize the class number formula of [7j for Drinfeld modules and 
that of [4] for abelian f-modules and the equivariant class number formula of [2] for cyclotomic 
extension of function fields. 

The paper is organized as follows. In section 2, we construct an equivariant version of Anderson’s 
trace formula. In section 3, we construct the theory of equivariant crystals and prove the trace 
formula of equivariant L-functions. In section 4, we express the u-adic equivariant special values of 
shtukas in terms of the determinant of the extension groups of shtukas under some local analytic 
conditions. In section 5, we prove an equivariant class number formula for abelian t-modules. In 
section 6, we calculate the special values of Artin L-functions for Galois representations. 

Acknowledgements. I would like to thank David Goss and Lenny Taelman for their continuous 
encouragement. My research is supported by the NSFC grant no. 00713210010018. 

2. Equivariant version of Anderson’s trace formula 

In this section, let G be a finite abelian group of order prime to p. Let R and A be two fc-algebras. 
For any I?-module M, let M[G] = I?[G] M. 
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Lemma 2.1. Let M be an f?[G]-module. Define 

7r : M[G ] M, © g © m g i-a E fjm g ; 

geG g&G 


1 m. 

g&G 

Then 7r and i are f?[G]-linear and tt o i = k!m- Then M[G] = i(M) © N for TV = ker(7r). 
(1) Then M is a projective f?[G]-module if and only if M is projective as an fGmodule. 


i:M M[G\, to — 

|G| 


(2) One has M ©& A © N ©& A ~ (M © N) ©& A ~ M[G] ®& A = M ©^ A[G]. For any 
</> G End J 4 [G](M©& A), <£© 0 : M®fc A© 7V®fc A —>■ M®fc A©iV®fc A induces an A[G]-linear map 
<f> : M ®fe A[G] —> M ®fc A[G]. If dim^ M < oo, define 


det A[G][t] (l - t(j), M ® fc A[f]) = det A[G][t] (l - t$, M ® fe A[G][t]) G 1 + A[G][f]. 


Definition 2.2. Let M be a fc[G]-module and let <f> G End A r G i(M ©^ A). A finitely generated 
fc[G]-module Mq of M is called a nucleus of (f> if there exists an exhaustive increasing filtration of M 
by finitely generated k [G]-submodules Mq C Mi C M 2 C • • • such that 1 ®fc A) C M, ©& A 

for any i > 0. One can show that det A [ G ][ t ](l — t<j>,Mo ®fe A[t]) does not depend on the choice of 
the nucleus Mq of <f>. Define 

det A[G ][ t ](l - tcj), M ® fc A[t}) = det A [G][(](l - t<j>, M 0 ®fc A[t]). 


Definition 2.3. Let M and N be two R[G] -modules. For any n > 1, an A[G]-lincar map cj> : 
M ®fc A —> N ®fc A is called n-th Frobenius (resp. n-th Cartier) over A on R if 

</>(rm) = r q (resp. tf>(r q to) = r(f>(m)) for any r G R and to G M ©& A. 


Definition 2.4. Let R be a finitely generated fc-algebra and M a finitely generated f?[G]-module. 
For any n > 1, let C n : M ©^ A —> M ©& A be an n-th Cartier operator over A on R. By [TJ 
Proposition 6], Gi, C 2 ,..., C n has a common nucleus M n for any n > 1. Then 

n 

det A [ G ] [ t ] (i-E^ Gj, M n ®fc A[t]^ G 1 + tA[G][t] 

i=l 

does not depend on the choice of M n . Define 

00 n 

det^^fftnf 1 ~ E M ©/- A[[t]]^ = lim^det A[G1[t if 1 - ')TfC l , M n ® fc A[t]j G l + tA[G][[*]]. 

n=l i=l 
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Theorem 2.5. Let R be a finitely generated regular domain over k of Krull dimension r. Let 
n R = A r O|j /fc . By H 2.6], we have a Cartier operator G on Hr. Let M be a finitely generated 
projective i?[G]-module. For each n > 1, let T n : M ® k A — > M ® k A be an n-th Frobenius 
operator over A on R. Let M = Horn r(M, Hr). Define the adjoint operator C n on M <g)fe A ~ 
Horn R® kA (M ® k A, -4) of r n by the rule 

( C n rh)(m ) = (C I 4 fc:Fp l ® id^)(m(r„(m))) for any m £ M ® k A and m £ M ® k A 


Let / be a maximal ideal of i? of degree d = [R/I : k\. Then 

00 

det A[G][[t]] M/IM ® k 4[[t]]) e 1 + f d ,4[G][[f d ]]. 


We have 


oo oo 

n det ^[Gmt]](f-E*" 7- '*’ M//M®fc J 4[[<]]^ = detA[G][[t]] (l—E M® fc ^4[[t]]^ 


(-i) 


j£Max(i?) 


Proof. By Lemma |2.11 we may assume G = {1}. For the sequence {t„}„>i, there exists a unique 
n-th Frobenius operator r' n on M ® k A over A on R for each n such that 

OO 

1 - E = (1 - tr[)( 1 - f 2 T^)(l - t 3 Tg) • • • . 

n= 1 

Let C' n \ M ® k A ^ M ® k Abe the adjoint of r'. Then we have 

OO 

1 - E t n C n = • • • (1 - t 3 C' 3 )( 1 - t 2 C')(l - tGO- 

n— 1 

For any n > 1, let k n be the extension field of k of degree n. For any object T over k, let 
T n = k n ® k T. For any fc-linear map <p : T T, denote the fc„-linear map idfc ra ® <f> : T n —> T n 
also by 4>. Then T' n : M n ® kn A n —> M n ® kn A n is a 1-th Frobenius operator over A n on R n . By 
[Tj, Theorem 1], we have 

det An [it]](l-tTn, M n /JM n ® kn A n [[t]\j = det An [[ t ]](l-tC' n , M n ® kn A n [[t]]J 

JEMax(.R n ) 

For any maximal ideal I of R of degree d, k n ® k R/I ~ ri/cJeMax(fl„) Rn/J and [Rn/J ■ k n } = -^gy- 
By [3 Lemma 8.1.4], we have 

det A[[7]] (l - tr' n , M/IM ® k ,4[[t]]) 

= det A „[[t]] (l - tT n , Mn/IMn ® kn Al[[i]]) 

= n det A„[[t]](l - tTn, M n /JM n ® kn AJM]) e 1 + tl n -*)A[[U n -*)]]. 

7CJeMax(fl„) 
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Substituting t by t n , we get 

OO —l 

detA[[t]] (i-E^ M/IM ® k A[[t]]) 

n —1 

00 —i 

= n det ^[wi ( x - m /™ A tM]) e 1 + trfhA[[trf&]] c 1+ t d A[\t d }} 

n =1 

and 

n det A[[t]] (1 - t n T' n , m/im ® k ^[[t]]^ 

/GMax(i?) 

= n II det An[[t] ](l-t n Tn, M n /JM n ® kn A n [[t]f) 

IgMax(fl) ICleMax(H„) 

= n d et A n {[t]](^-t n Tn, M n /JM n <g> kn A n [[t]]^ 

JGMax(i? n ) 

= det An [ [t ]] (l - t n C' n , M n ® fe „ A n [[£]]) ( 

= detA[[t]] (l - t n C' n , M ® k A[[f]]^) 

Then we have 

OO _1 

n d etA [[t]] (l - E M/IM ® k A[[t]]) 

/GMax(i?) n—1 

00 _1 

= n n i 1 - m/im o fc ^[[t]]) 

/GMax(i?) n= 1 

= n n det - 4 [ M ] ( x - rr n > m/im ® fc 

n=l 7eMax(i?) 

00 ( —l ) r_1 

= detA[[t]] (l - t n C' n , M ® fc A[[t]]) 

n= 1 

00 ^?— 1 

= det A[W ] (l - E t n C n , M ® fc A[[t]]j 

n—1 

□ 


3. Trace formula for equivariant L-functions of crystals 
In this section, suppose G is a finite group and A is a ^-algebra. All tensors are over k and all 


schemes are finite type over k. For any scheme X, let ax : X —> X be the morphism induced by 
the q -th power map on Ox- 
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Definition 3.1. (1) A coherent r-sheaf over A on A is a pair (J 7 , 7>) consisting of a coherent 
O \—module T and an O x 0 A-linear homomorphism 


tx : 0 {a n x )*T®A^T®A. 

l<n<^oo 

(2) A homomorphism (J 7 , t x ) ( Q , tq) is an G\--linear map <j> : T —> Q such that the following 

diagram commutes 

©l<n«oo(^)*^ ® A - T 0 A 

( <7 x)*0® i d.A 00idA 


©l<n«o>*)*S0A 




A. 


(3) A coherent r-sheaf (T, t x ) is called nilpotent if there exists a decreasing filtration {.7 7 TO } m eN 
of T by coherent submodules such that Tq = T 1 T m = 0 for m 0 and 

Tjr ( 0 {°xYFm 0 A^j C T m + 1 0 A for any m. 

l<n<C!oo 

Definition 3.2. Let A be an abelian category. 

(1) A G-module in A is a pair (T, a) consisting of an object T in A and a homomorphism 
a : G —> Aut(J 7 ) of groups. 

(2) Let Kq(A) be the Grothendieck group of A generated by the isomorphic classes [M] of 
objects in A, modulo relations [M 2 ] = [Mi] + [M 3 ] for every short exact sequence in A 

0 —7* t M 2 —-M 3 —^ 0 . 


Definition 3.3. (1) Let Coh r (A. A) be the category of coherent r-sheaves over A on A and let 
NilCoh r (A, A) be its full subcategory consisting of nilpotent objects. 

(2) Let Coh G (A, A) and NilCoh G (A, A) be the category of G-modules in Coh r (A, A) and 
NilCoh T (A, A), respectively. 

(3) A morphism a in Coh G (A, A) is called nil-isomorphism if ker(a) and coker(a) are nilpotent. 

Proposition 3.4. The category Coh G (A, A) is abelian and NilCoh G (A, A) is its abelian sub¬ 
category stable under subquotient and extension. By PI Proposition 2.3.4], the quotient cate¬ 
gory Crys G (A, A) of Coh G (A, A) by NilCoh G (A, A) is also abelian. Let q x : Coh G (A, A) —> 
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Crys G (X, A) be the localization map. Then a is a nil-isomorphism in Coh G (X, A) if and only if 
qx{ot) is an isomorphism in Crys G (X, A). Moreover, qx is exact and induces a homomorphism 

qx : A' 0 (Coh G (X, A)) 7F 0 (Crys G (X, A)). 

Remark 3.5. Definition [3j] and Definition l3.3l of r-sheaves and crystals are stronger than that of [3]. 
Under the definition of crystals in [3], one only get a cohomological trace formula of L-functions up 
to unipotent polynomials. However, we get an explicit cohomological trace formula of equivariant 
L-functions of crystals in our setting. 

3.1. Inverse image. Let / : X — > Y be a fc-morphism of schemes and let i > 0. For any 
coherent r-sheaf Q_ =■ ( Q , tq) over A on Y. denote by Lif*Q_ = ( Lif*Q, where TL t f*g is the 

composition 

0 (a%)*L i f*g®A^A 0 L i f*(^)*Q®A±i£ls+L i f*Q®A. 

l<n<$Coo l<n<Coo 

If Q_ is a G-module in Coh T (y, H), then we get a G-module Lif*Q_ in Coh T (X, A). Thus we get a 
functor 

Lif* : Coh G (U, A) Coh G (X, A). 

Lemma 3.6. Let Q_ £ Coh r (X, A). For any i > 1, Lif*Q_ is a nilpotent coherent r-sheaf on X. 

Proof. Factors / = hg with a closed immersion g and a flat morphism h. Then Lif*Q — Lig*{h*Q) 
and Lif*Q_ = Lig*{h*Q_). Hence we may assume that / is a closed immersion defined by an ideal 
1 of Oy■ Define a decreasing filtration {T m } m >o of Lif*Q = Tor f Y {G, Oy /I) by 

Tm = im(Tor ? Y (G, Oy/l m+1 ) -> Tor ? Y (G, Oy/l )). 

It remains to show that T m = 0 for m'A> 0 and 

T G/*e ( 0 {axYFrn ® a) c Xm+ 1 ® A. 

l<n<^Coo 

The problem is local on Y. So we may assume Y is affine. Then we can choose an exact sequence 
0 —* (/C, Tjc) —> {Vi , T-pf) -¥•••—> (Vi, Tpj) —> (Q , Tg) -» 0 
of coherent r-sheaves over A on Y such that Vi,, Vi are free CV-modules. Then 


Tovf Y {g, Oy/l m+l ) = JCnl m+1 Vi/l m+1 /C 
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and hence 

Z m = (Knl m+ 1 Vi) + I/C/I/C. 

By Artin-Rees lemma, there exists m 0 > 0 such that for any m > mo, we have 

K ni m+l Vi = i m+1 - m °(jc ni mo Vi). 

We have K nI m+1 Vi C IK and hence Z m = 0 for any m > mo- This shows 

r Vi ( 0 k n i m+1 v, 0 a) c k n x q ( m+1 ^Vi <g> A 

l<n*C;oo 

for any m > 0. Then for any m > 0, we have 

r Ai/*s( 0 { a x)*Xm ® c -^m+l <8> A. 

l<n<Coo 


□ 


Lemma 3.7. There is a unique functor /* : Crys G (Y, A) — > Crys G (X, A) such that the diagram 

Coh G (F, A) —^ Coh G (X, A) 


QY 


qx 


Crys G (Y, A) -JL. Crys G (X, A) 

commutes. Moreover, the functor /* : Crys G (T, A) —> Crys G (X, A) is exact and hence it induces 
a homomorphism 


/* : X 0 (Crys G (y, A)) X 0 (Crys G (X, A)). 


Proof. If a is a nil-isomorphism in Coh G (Y, A), then f*(a) is a nil-isomorphism in Coh G (X, A) 
and qxf*{ot ) is an isomorphism. Then the existence of /* : Crys G (T, A) —> Crys G (X, A) holds by 
|31 Theorem 2.2.3 (b)]. Any short exact sequence in Crys G (X, A) is isomorphic to the image of a 
short exact sequence 0 —> T_—1 Q_—> 1L ~0 in Coh G (Y, A). We have an exact sequence 

Lifn -a fz -a fo ^f*n^0 

in Coh G (X, A). By Lemma [3761 L\f*% € NilCoh G (X, A). Then 

o -a /*z -a f*g -a f*n -a o 


is exact in Crys G (X, A). 


□ 
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3.2. Galois cohomology of G-modules of crystals. Let F = ( F,tjt ) £ Coh G (X, A). For any 
i > 0, the 'i-th Galois cohomology H l (G, } 7 ) of F is a coherent sheaf on X and Tjr induces a map 

T H i (G,J r ) ■■ 0 ( a n x )*H\G , H\G, F) <g) A. 

l<n<Coo 

Thus we get a coherent r-sheaf H Z (G, F) = (LT(G, J 7 ), t h i(q over A on X. So we get two 
functors 

H\G, •) : Coh G (X, A) Coh T (X, A); 

H\G , •) : Crys%Y, A) -> Crys(X, A). 


Theorem 3.8. For any morphism / : X —> Y of fc-schemes, we have a commutative diagram 


Crys G (Y, A) - 
H'(G, •) 
Crys(F, A) - 


Crys G (X, A) 
H i (G, •) 
Crys(X, A). 


Proof. For any F £ Coh G (Y, A), let C 1 (G, J 7 ) be the sheaf of sets of all maps from G l to F. Then 
G l (G, F) is a coherent sheaf on X. Define 

<k : C i (G, F) G l+1 (G, F) 

by 

(dif){gi,.--,gi+i) 

i 

= 9if (.92, ■ • ■, 9i+ 1) + /(Si, • • ■, 9j-u9j9j+i,9j+2, ■ ■ ■ ,9i+i) + (-l) l+1 /(ffi, ■ ■ ■, 9i) 

3=1 

for any / £ G l (G, J 7 ) and (gi ,..., (?i+i) € G I+1 . By the definition of Galois cohomology, H l (G, F) 
is the i-th homology group of the complex 

0 G°(G, J 7 ) G 1 (G, J 7 ) ->■-» G*(G, J 7 ) A- G l+1 (G, F) ^ . 

Then 

LT(G, J 7 ) = H i C*{G,F) and fP(G, Z) = H i C*(G, F). 

By Lemma 13.71 we have 

f*H i (G 1 F) = f*H l C'{G , F) ~ H l f*C'(G , Z) = fTG*(G, /*Z) = ^(G, /*Z) £ Crys(X, A). 

□ 
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3.3. Direct image for proper morphisms. Let / : X —> Y be a proper morphism and let 
i > 0. For any T_ £ Coh r (X, A), denote by R l f*Jf the coherent sheaf R l f*T on X together with 
the homomorphism 

0 {o r D*R i UF®A^R i UF®A 

l<n<Coo 

induced by Tjr. If T_ is a G -module in Coh r (X, A), then R'f*X is a G -module in Coh T (Y, A). 

Theorem 3.9. Let T_ = (J 7 , rjr) £ Coh T (X, A). For any cartesian diagram 

(3.1) X' —U-X 

/' / 

Y' Y, 

of /c-schemes, the natural homomorphism 

g*R l f*Z. -A R l fW*Z. 

is a nil-isomorphism in Coh r (Y / , A). 


Proof. Factors g = hi with a closed immersion i and a flat morphism h. Consider the cartesian 
diagram 



By flat base change theorem, we have a natural isomorphism of CV^-modules 

h*R l f*T ~ Rf’fltT. 


So we get a natural isomorphism 

h*R l f*Z - R l f”h'*E 

in Coh T (Y", A). The natural homomorphism g*R l f*E ~t R l fig'*E is the composite 

g*R i f*E ^ L*h*R l f*E - -a R i fio'*{h , *Z) - R l f'J*E- 

Then we may assume that g is a closed immersion defined by an ideal T of Oy. For any n > 0, let 
T n = E/I n+1 R. It remains to show the natural homomorphism 

R l f*L®Oy Oy /1 -A R l f'E 0 = f? 7 *Jo 
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is a nil-isomorphism in Coh r (Y', A). By [5J Theorem 4.1.5 ], we have an isomorphism 

\im(ROy/T n+l ) ^ hm Rf*T n . 

n n 

Then we have a natural isomorphism 

O y /T (lim ® 0i , Oy/X. 

n 

It remains to show that the natural map 

a : (luni? 7 *ZJ ® 0y Oy/I -a 

n 

is a nil-isomorphism. By [5J Theorem 4.1.5 ], {i?7*Zi}n>o satisfies the Mittag-Leffler condition, 
thus 

im(^mi? 7 *jr n = im(i? 7 *J- m i?7*Jb) for to > 0 . 

n 

Since J7. —t -7) is a nil-isomorphism, so is XV —> R l f*Xo_. Then for m 0, 

cok(a) = cok^limi?7*Z„ -t R l f*Ro] = cokfi?7'*Zn -> R l 

n 

is nilpotent. Let 

K-m = ker R l f *R m ) ■ 

Also by [5, Theorem 4.1.5 ], {/C m } m > o is an I-stable filtration of R z f*T. There exists Too £ N 
such that /C m = X m_m °/C mo for any to > m 0 . Then /C m = I m_m °/C mo C 2X 0 f° r to > to 0 . Define 
a filtration {£? m } m >o of K,g/XK,g by Q m = 2Xo + /C m /2Xo- Then C? m = 0 for to > Too- The short 
exact sequence 

0 I m+1 T T -j. J- m -)• 0 

shows that 

AC m = ker [Kf t T -> = ini(l?7*I m+1 .F -»■ . 

Then for any to > 0, we have 

T R i f,J r ( (<r”-)*/C m ® A^ c( 8 > A. 

l<n<^Coo 

Thus lCg/XlC Q £ NilCoh r (T', A). The natural map 

/Co = ker -A i? 7 *Jb) —>• ker (iV ®o Y Oy/X i?7*J" 0 ) 

is surjective, so is ICg/XICg —> ker(a). This proves ker(a) is nilpotent, which completes the proof. 

□ 


16 


JIANGXUE FANG 


Corollary 3.10. Keep assumptions of Theorem 13.91 We have a homomorphism 

Rf* ■ A 0 (Crys G (X, A)) K 0 (Cvys G (Y, A)), \P] ^ ^(-1)W*Z] 

i 

of abelian groups and a commutative diagram 

X 0 (Crys G (X, A)) K 0 (Crys G (K, A)) 

g'* g* 

X 0 (Crys G (X', A))K 0 (Cvys G (Y 1 , A)). 

3.4. Extension by zero and proper base change. 

Lemma 3.11. Let j : U —> X be an open immersion. Then the functor j* : Crys G (X, A) —> 
Crys G (U, A) has a left adjoint functor j\ : Crys G (U, A) —> Crys G (X, A). 

Proof. By [31 Proposition 4.5.7 ], j* : Crys(X, A) —► Crys(/7, A) has a left adjoint functor 
j\ : Crys (U, A) -t Crys(X, A). By 0 Proposition 5.2 ], Crys G (Z7, A) and Crys G (X, A) are 
equivalent to the categories of G-modules in Crys (U, A) and Crys(X, A ), respectively. Then 
j\ : Crys(f7, A) — > Crys(X, A) defines a functor j\ : Crys G (U, A) —> Crys G (X, A) which is left 
adjoint to j* : Crys G (X, A) —> Crys G ([/, A). □ 

Theorem 3.12. Let / : X —> Y be a morphism of fc-schemes. Then we can find a proper morphism 
/ : X —> Y and an open immersion j : X —> X such that / = f o j. Define Rf\ to be the composite 

X 0 (Crys G (X, A)) ^ I< 0 ( Crys G (X, A)) ^ K 0 (Cvys G (Y, A)). 

(1) The functor Rf\ does not depend on the choice of / and j. Consider diagram (13.11) . We have 
a commutative diagram 

X 0 (Crys G (X, A)) X 0 (Crys G (F, A)) 

g'* g* 

X 0 (Crys G (X', A))K 0 ( Crys G (W, A)). 

(2) For any morphism g : Y —> Z of fc-schemes, we have a commutative diagram 

X 0 (Crys G (X, A)) K 0 (Crys G (Y, A)) 

Rg< 

A 0 (Crys G (Z, A)). 
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3.5. Trace formula for L-functions. In this subsection, G is assumed to be a finite abelian 
group of order prime to p. 

Definition 3.13. Let x = Spec k' for a finite field extension k'/k. Any G-module X = [X , rjr) 
in Coh r (ai, A) consisting of a finitely generated A/[G]-module X together with an n-th Forbenius 
operator r„ : X A -A X A over A on k' for hnitely many positive integers n. The L-function 
of X G Coh G (x, A) is defined to be 

L G (x, X, t ) = detA[G][t] ^1 — 'y ' t n T n , X (g>k A[f]^ 6 1 + L4[G][[f]]. 

l<n<oo 

Definition 3.14. Let X be a G-module in Coh r (X, A) for a fc-scheme X. For any closed point x of 
X, let i x : Spec k(x) —► X be the closed immersion defined by x. By Theorem 12.51 L g {x, itZ, t) G 
1 + t d ( x )^4[G][[t d ^]] where d(x) = [k(:e) : A;]. Then the product ria-eiA'l L G {x, i*£, t) converges in 
1 + LA [G] [[£]]. Define the L-function of T_ G Coh r (X, A) by 

L g (X, X,t) = JJ L g {x , i* x X, t) G 1 + tA[G\[[t]]. 

xE\X\ 

We have L G ( X, X,t) = 1 for any X G NilCoh G (X. A). The set 1 + G4[G][[f]] is an abelian 
group via the multiplication. Then we get a homomorphism of abelian groups 

L G (X, t) : A 0 (Crys G (X, A)) ->■ 1 + tA[G][[t)\, [X] L g (X, X, t). 

In the remainder of this section, we prove the trace formula of equivariant L-functions. 


Theorem 3.15. Let / : X —> Y be a morphism of fc-schemes. We have a commutative diagram 
of abelian groups 


X 0 (Crys G (X, A)) X 0 (Crys G (F, A)) 



l g (y, .,() 


1 + tA 


mm- 


Proof. It suffices to show for any X G Coh G (X, A ), 

L G (Y, Rf]X, t) = L g (X, X, t). 

By Lemma f2.ll there is a coherent GA'[G]-module Q such that X[G\ ~ X © Q. Let Q_ = (Q, 0) G 
Coh G (X, A). Then L G (A', X. t) = L G (X, X®Q_, t). Let r be the composite 

0 (<j%)*X® A[G] = 0 (a\)*X\G}®AAA®^X{G\®A = X®A[G}. 

l<n<C!oo l<n<^Coo 
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Then (Z, r) is a coherent r-sheaf over A\G\ on X. By Lemma HOI (2), 

L(X, (X, r), t) = L g {X, F®G,t) = L g {X, Z t). 

So we may assume that G = {1}. □ 

(1) Let 0 —> Z > T_ > Z' —> 0 be a short exact sequence in Coh r (X, A). If the theorem holds 
for Z' and Z", so does it for Z- 

(2) Let j : U —> X be an open immersion with complement i : Z X . Suppose the theorem 
holds for fj and fi. Then 

L(X, Z, t) = L(U , j*£, t)L(Z , i*Z, *) = R(fj)'.j*Z, t)L(Y, R(fi)a*Z, t) = L(Y , RfiZ, t). 

(3) Suppose f = gh and the theorem holds for g and h. Then the theorem holds for /. 

(4) For any closed point y G Y, consider the cartesian diagram 

v R 
x v — 

L y iy 

f 

X > Y. 

Suppose L(X y , i* y Z t) = L(y, R{f v )\i* y Z t) for any y G |Yj. Since |X| = II ;l/ e|v| \ x v\> then b Y 
Theorem 13.121 (1), we have 

l(x, z,t)= n l ( x v> ^ *) = n ^ RifvKz, *) = n hv, w?, $=w, *). 

ye\Y\ ve\Y\ ye\Y\ 

(5) The theorem holds for any finite morphism /. In fact, we may assume Y = Spec A/ for a 
finite field extension k'/k and X is a finite fc-scheme by (4). By (2), we may assume X is connected. 
Let i : X re d —> X be the reduced subscheme of X. Then Z — i*i*Z € Crys(X, A). So we may 
assume that X is reduced. Then X = Spec k" for a finite field extension k"/k' . By Definition l3.13l 
L(Specfc", Z: t) = L(Spec k', f*Z> t). 

Let / be a general morphism. By (4) and (2), we may assume that X is affine and Y = Spec k' 
for some finite field extension k'/k. Choose a closed immersion i : X —> AJJ,. Then / : X — > Spec k' 
factors as X -4 A£, -» A)!, -1 -»•••-» Spec A/. By (3), we may assume / is the projection 
A™ -» A™ - . By (4), we may assume that / is the structure morphism AjL, —> Spec k" for a finite 
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field extension k"/k!. We have a cartesian diagram 

^ 4 " ^ ^1 

f a 

Spec k" —Spec k. 

Apply (5) to the finite morphisms ir and p and by Theorem 13.121 (2), we have L{A\,,, R, t) = 

L{ Aj., Tr*R_, t) and L(Spec k", Rf\R, t) = L(Speck , p*Rf\R, t ) = L(Specfc, Rg\TT±R, t). Then we 
may assume that / is the structure morphism Aj, —> Spec k. Let Rq be the torsion part of R. We 
have T 7 ^© 1<n<oo ( 0 jr)*.Fo ® Aj C Rq g A. Then we get a subobject Rq of R supported on a 
finite closed subscheme i \ Z —t A Then fi is finite and Ro — i*i*Ro. By (5), we have 

L(X, Rq, t) = L(Z, i*Ro, t ) = L(Specfc, ( i fi)*i*Rp , t) = L(Spec k, Rf\i*i*Rp, t ) = L(Specfc, R.f\Rp , i). 

Applying (1) to the short exact sequence 0 -A J-q R R_/Rp —► 0, we may assume that J 7 is 
torsion free over 0 A i and then R ~ 0®j r for some r. Let j : A). ^a Pj. be the inclusion and / the 
structure morphism Pj. -A Spec k. Then Tj,jr^ © 1<n < 00 ( tJ pi )*0®i r (—doo) g A^ C 0® r (—doo) g A 
for d > 0. Then is represented by (CtL (—doo), Tn @r (-doo)) f° r d 0, where r 0 er/_ d \ : 

© Kn«oo( cr p 1 )* C) pi r (-doo) ®Aa 0® x r (-doo) g A is induced by r jt ; F . For d > 0, 

R 0 f*O®a-doo) = 0 and R 1 f*j\R = (h 1 ^, O%(~doo)), r Rlf ^r { _ doo) ). 

By Serre duality, we have 

H\¥l 0®i r (—doo)) = Hom fc (j?°(P£, ^ x/fc (doo))® r , fc). 

Then , iA 1 /,e>® 1 r (-<i°o) induces a family of operators on H°(P\, ^pi/ fe (doo))® r g A. By 

lnnid°(pi, ^pi A (doo))® r = Horn O a AO^, f^ /fe ), 
d 

C n induces an n-th Cartier operator on Hom^, (^ A i\ which coincides with the Cartier 

operator defined in Theorem 12.51 Moreover, 7d°(Pj., f2pi/ fe (doo))® r is a common nucleus for 
{C n } n >i on Homo 4l ((9®i r , f^ A i/ fe ) g A for d » 0. By Theorem 12.51 we have 

L(Al,R,t) = det A[t] (l- £ t n C n , H°(¥l ^ x/fc (doo))® r g A[t]) 

l<n<tCoo 

= det A[t ](l- ^2 O®i r (-doo)) g A[t]j 

l<n<tCoo 

= L(Specfc, Rf\R, t). 


This completes the proof. 








20 


JIANGXUE FANG 


3.6. Another type of L-functions. 


Definition 3.16. (1) A coherent r-sheaf over A on A is a pair (A, 7 >) consisting of a coherent 
O v-niodule T and an O x <g> A-linear homomorphism 

Tjr: 0 A^A<g)A. 

0<n<Coo 

Then a coherent T-sheaf (A, t x ) over A on A is a coherent r-sheaf (T, tj?) over A on A' together 
with r 0 £ End o x «>a(A (g> A), where t_f : © 1 <„ < 00 (cr^-)*J r (g> A — > T <g) A is truncated by tj 

(2) A coherent r-sheaf over A on A is called nilpotent if the associated r-sheaf is nilpotent. 

(3) Let Coh~ (A, A) (resp. NilCoh-(A, A)) be the category of G-modules in the category of 

______ —•>— "G A) 

coherent (resp. nilpotent) r-sheaves over A on A. Let Crys (A, A) = NiICo hff( y a) • 


Definition 3.17. Suppose G is a finite abelian group of order prime to p. 


( 1 ) Let x = spec k! for a finite held extension k'/k. Any (A, tj -) £ Coh~ (x, A) consists of an 
n-th Frobenius operator r n on T (g) j. A over A on k' for hnitely many ngN. Define 

det j 4 [G][[t -i ]] (l - t~ 1 r o, J" (g fc A^f" 1 ]]) 


L (x, (A,rjr), t) = 


det A [G][[t-i]](l - t 1 Eo<n<oo r "> A[[t x ]]) 


61 + t^A[G}[[t-% 


(2) For any (A, tjf) £ Coh~(A, A), dehne 


L G (x, CF.tjO, f) = n *)■ 

xe|X| 

Lemma 3.18. Suppose G is an abelian group of order prime to p. We get a homomorphism of 
abelian groups 

L G (X, t) : A o (C 0 G (A, A)) -> 1 + i " 1 A[G][[f 1 ]], [(A, t»] ^ L G ( A, (A, t», i). 


4. U-ADIC L- VALUES OF SHTUKAS ON CURVES 

In [6], Lafforgue studied the u-adic L- values of shtukas on curves. In this section, we generalize it 
to an equivariant version. Let G be a finite abelian group of order prime to p. Let A be a smooth 
projective curve and T = Spec A a smooth affine curve over k. Let i : £ — > £' be a morphism of 
G-bundles on A x T such that i is isomorphic at the generic point. Let r be a positive integer. 
For any 1 < s < r, let r s : £ —> £' be an s-th Frobenius map over A on A. 
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Let Z(det(z)) be the zeros of det(z) in A' x T. Fix v € \T\ such that Z(det(z)) D X x {z;} is finite. 
Take a finite subset S of |A| such that S x {-u} D Z(det(i)) D A' x {-u}. Let A v be the completion 
of A at v and choose a uniformizer of A v which is also denoted by v. For any x € |A| — S, let 
i x , (T r ) x : £ x —> £' x be the restriction of z, ri,... ,r r on Spec k(x) <S>k A v , respectively. 

Then i x : £ x —> £' x is isomorphic for any x € |A| — S. 

Lemma 4.1. Define the zi-adic G-equivariant L -function away from S of the diagram £ -A 
£' < J - ( T1 ’'"’ Tr ) £ to be 

r —l 

L°{X-S,(£,£’,i,j),T) = [] det A „ [G] (l-^T s z- 1 (T s )x,4) €l + TA V [G][[T]]. 

xe|A|-S s=l 

Then L x (X — S, (£,£', i,j),T) el +TA V [G]((T)). 

Proof. For any n > 1, let z„, XJ (ti)„ iX , ( T r ) n , x : £ n<x -> £' nx be the restriction of z, n, . .. ,T r 
on Spec k(x) ®k A/v n , respectively. If x e |A| — S, then z„ iX is an isomorphism. By Definition 12.41 
and Theorem 12.51 we have 

r 

I] det A/u „ [G] (l-^T s z -? x {T a )„ tX , £ n ,x) el + TA/v n [G][T]. 

*e|x|-s s=i 

This proves the lemma. □ 

Definition 4.2. We have 

L°(X-S, (£,£',i,j),T) = (l-T) s g(T) 

for some s e N and g(T) e 1 + TA V [G\((T)) such that 0 ^ g( 1) e A„[G]. The G-equivariant ti-adic 
L-value L^{X — S, (£,£',i,j)) of the diagram (£,£',i,j) away from S is defined to be 5 ( 1 ). 


Suppose X — S = Spec Rs■ Let A4 and A4' be the Rs®A v -modules defined by £ and £’. For 
any w e S, let O w be the complete local ring of A at w. Let M w and M' w be the O w ®A v -modules 
defined by £ and £'. Let V = Hom^g^ (M, n# s / fc <g)A,) and V = Hom^g^ (M', 

Let j = T a . We have two commutative diagrams in the derived category of j 4„[G]-modules 


(4.1) 


RT(X. £) <g) A A v 


© 1 ves 

i-j 

' '' f 


■ Hom A „(V, A v ) 


RT(X, £’) ® A A t ,-► ® aeS K -^ Hom A „(V', A v ), 
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one with the left arrows and one with the right arrows. Here the morphism —> 

Horri^ (V, A v ) (resp. ® weS M' w -> Hom J 4 v (V', A v )) associates each (f w ) £ © M w and g £ V 
(resp. (f w ) £ ©A0 and g £ V') to the sum of residue of (g, f w ) at w. 


Lemma 4.3. Suppose for any w £ S, there exists two ^[G]-linear isomorphisms exp : M w ~ A4 W 
and exp : A4' w ~ JH' W which satisfy the following three conditions. 

(1) expo* = i — j o exp : M w —>• M' w . 

(2) For any t £ N, exp (w t M w ) = w t M w , exp (w t M' w ) = w t M' w , (exp —id) (w t M w ) C 
iu t+1 M w and (exp -id) (w t M' w ) C w t+1 M' w . 

(3) For any s £ N, (exp-id)© 4 M w ) C w t+s M w and (exp-id)(u> 4 .A/f© C w t+s M' w for t 
large enough. 


Let log : M w — M w and log : M' w — M' w be the inverse maps of exp. Let © u , eS M' w 0 G 
be the cokernel of © (t , gS M. w 0 ©meS-^uv Denote by i the natural map RT(X, £') (gu A v —>• 
©loeS-^ui- Suppose i — j : Hom^CF, A v ) -a Hony 4 „(V', A v ) is an isomorphism. Then we have 
a commutative diagram 


(4.2) 


RT(X, £) ® A A v -- M 


HomA, (V, A v ) , 


RT{X, £') ® A A v -i—► & weS M' w -- Hoin 4 „ (V', A v ) 


7T log L 


7T log 


G 


whose four vertical triangles are distinguished. Let S be the composite 

det a v [G\{C) ~ detA„[G] (-Rr(X, £) 0a A-Jj (££) det^^j ^i?r(X, £')(E)aA v 'J ~det^[G](C)) 

where the first and the second isomorphism are given by the first and the second vertical distin¬ 
guished triangles of diagram (14.21) . respectively. We have 

Ly(X — S, (£,£',i,j)) = [<5 : 1] € A v [G] x . 


Proof. This lemma is an equivariant version of pfj Lemma 2.5 ] and the proof is highly similar to 
that of [4] Lemma 2.5 ] by using the main results established in section 2 and section 3. □ 
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5. Proofs of Theorem II. Ill and Theorem 11.131 


Recall that I\ is a finite extension of k(t) and L/K is a finite Galois extension of Galois group G. 
Let K x = K ®k(t) M(^ -1 )) and Too = L®k(t) /c((t -1 )). Let X and X be the projective curves over 
k of function fields K and L, respectively. Let Ooo = Ox <S>o i and O 00 = Og <8>o i fc[[i -1 ]]- 

« k 

Let E be an abelian t-module over Ok of dimension n defined by 

E(t) = Aq + A\t + ... A r r r 6 M u (Ok){ t } 
such that (Aq — zl n ) n = 0 where z is the image of t in Ok- 


In this section, we mainly study the special T-value L(E, p) for a finite dimensional T-linear 
representation p : G —> GLp’(V). If G is an abelian group of order prime to p, we also study the 
equivariant special L -value L(E, G). 


For any coherent sheaf T on a P^-scheme Z and any d € Z, let E(doo) = T ®o z Opi(doo)\z- 
View Oj£ as a vector bundle on X. Since O^ is flat over Ox and K 0 a is flat over Ok, we have 

Hom fc[G] (V, e>!(-doo)) ® 0x C’oo - Hom fc[G] (V, O n ~(-doo) ®o x Ooo) - Hom fc[G] (V z~ d O^)\ 


Hom fc[G] (V, Ol) ®o K K oo = Hom fc[G] (V, O £ ®o K K oo) = Hom fe[G] (V, ££,). 


Since Hom fc [ G ](V, (D£) is a flat (D^-module, we have 


Hom fc[G] (V, Ol) ®o K 


Koo 

Ok 


Hom MG] (V, ££,) 
Hom fc[G] (V, Ol)' 


Let £ p = Hom fc [ G ] [V, O r ~{—d,oo)) and £q = 0”~(—doo). Then £ p is a vector bundle on X and £q 
is a G-bundle on X. For any /c-algebra R , let R p = F R and Rq = i?[G]. For any £;[G]-module 
M, let M p = Hom fc [ G ] ( V ., M) and Mq = M. 

Let * = p or G. Then we have £* <E>o x Ooo = ( z ~ d O'^ 0 )* and 

r(Spec Ok, £*) ®o K ^ = W)* ®o K ^ 

Uk Uk \O l )* 

For any vector bundle £ on X , we have a distinguished triangle of complexes of fc-modules 

I?r(V, £) —> £ ®Ox Ooo —t r(Spec Ok, £) ®Ok —— • 

Ok 

In particular, for * = p or G, we have a distinguished triangle 
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Choose e £ N such that A 0 £ M n (F(X, Ox{eoo))). Then e > 1. We get two fc[G]-linear maps 
1 -t -1 A 0 and 1 —1 _1 A s t s ■ O n ~ (-doo)((f -1 )) O n ~((e-d) oo)((r' 1 )) and ^(^((f -1 )) -A 

z e-d O^((f -1 )). By |U section 3], exp £ defines a fc[G]-linear automorphism of z~ d O^ Q and z e ~ d O 
for d^> 0. It induces a fc((t _1 ))*-linear automorphism on (z~ d O'^ 0 )*((t~ 1 )) and (z e ~ d 0^ 0 )^((t~ 1 )) 
for d 0 which is also denoted by exp £ . For d > 0, we have 

r 

exp B o(l - t-'Ao) = (1 - t - 1 £ A s r s ) o ex PiJ : (z~ d 0^ o )^((t~ 1 )) (^-^.((r 1 )). 

s=0 

For any s £ N, (exp E —id)((z _d (9£j*) C ( 2 _d_s C>£,)* for d>0. Let log B be the inverse map of 
exp B on (z-^Uit- 1 )) and (z e ~ d 0^ 0 ) :t ((t~ 1 )). 


Let (z^O^^it- 1 )) A G be the cokernel of {z^O^)^- 1 )) 
Then (2 e “ d G^)*((t _1 )) G is the cokernel of (z -d G^ 0 )*((t -1 )) 


^ (z^o^Uit- 1 )). 




» (z^o^Uit- 1 )). 


Since 1 — t 1 A 0 and 1 — t 1 X^=o ^ fS on 


(LI,), 

Jofu 


((t 1 )) are isomorphic, we have a commutative 


diagram 


(5.1) l?r(X, £ 

.)((*“ 1 ))- 

- (z~ d OZ 


l—t~ 1 Ao 

l-* _1 EI=o A sr“ 

l — t~ 1 Ao 


' 

RT(X, £,(< 

' ' 

^((t- 1 )) — 

' ' 

- ( z e ~ d O £, 

’ 

Mr 1 ))- 

7 XL 

7rlog E L 

71 

7rlog E 

' 

' ' 

' / 

' 

( 


c, 


whose four vertical triangles are distinguished. 


( L Z,)* tt +-1 


( 02 ). 

l-t _1 A 0 




i-r'ELo' 4 - 


(ofj*^ *)) 


Lemma 5.1. For d 3> 0, we have two distinguished triangles 

(5.2) RT{X, £.)((i -1 )) i?r(X, f.(eoo))((f- 1 )) G; 

(5.3) i?r(X, £*)((i -1 )) t - ~ E;= ° j4 ' ,T - a > #F(X, <?*(eoo)) ((f -1 )) G. 

Then L(ld, *) = [<5i : 1] where <5i is the composite 

det fc (( t-i )) ,(G) ~ det fc((t -i ))<i ^l?r(X, £*)((t -1 ))^ 0det fe((t -i ))i (l?r(X, £*(eoo))((f -1 ))) 
— det fc (( t -i)) > (G) 


where the first and the second isomorphisms are defined by (15.21) and (15.31) . respectively. 
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Proof. For d^> 0, we easily get [Si : 1] = [62 ■ 1] G k((t 1 ))*, where 82 is the composite 
det fe((t -i )) ,(C') ~ det fc((t -i )) , £*)((i -1 ))) 0 det fc((t -i ))4 , £»( eoo ))(( t_1 ))) 


~ det 


Kit- 1 )) 


(C), 


where the first and the second isomorphisms are defined by the first and the second vertical triangles 
of diagram (15.11) . respectively. Applying Theorem l3.8l to the r-sheaf (Horn^V) (D£), Ao, A\t, ..., A r r r ) £ 
Coli~ (Spec Ok, F), we have 

(5.4) Hom fc[G] (V, Ol) ® 0k ®k/ P - Hom fe[G] (V, C>£/pC>£) e Crys(Spec k p , F). 

For d 0, the diagram 

£*[t ]- > £*(eoo)[t ]t- £*[t } 

satisfies the assumptions of Lemma Pi.31 at the prime ideal of Aft” 1 ] generated by t -1 . By Lemma 
Ol we have 


[< 5 2 : 1 ] 

r 

P detfc fl — (1 — t~ 1 A 0 )~ 1 (0£)* ®o K Ok/ 1 

pGMax(Ofc) 


-1 


8 = 1 


n 


det fc [[ t -i]]^l — t 1 A 0 , (0£)* ®o K Ox/pWt 1 ]]) 
P€mL^o k ) det fc[ [ t -i]], (l - t - 1 LI 3 =o A sT s , {Ol)* ®o k Ok/ p[[^ -1 ]]) 
det fc[[t -i ]]t (l — < _ 1 A 0 , {Ol/pOlUt- 1 }}) 
pGMax(0*) det fe[[t -i]]^ (l — t~ 1 Lls=0 A sT S , (C , £/pC , £)* [[^ _1 ]]) 
det fc[t] ,(f-A 0) (0£/pO£),[t]) 

peMax(Ox) det fc[t] , (t - EI=o A,t s , (C>£/pe>£)*[i]) 
|Lie(£?)(Oi/pOz,).U [t] . 


n 


l-®(c , i/pc ) L)*U[i], 


pGMax(£>Ar) 

= L(E, *) £ 1 + 

where the third equality holds by applying Lemma 13.181 to (15.41) . 


□ 


By H Lemma 1.7 ], the surjective fc[t]-linear map 

e ~ d O// 0 {{t~ 1 )) -A Lie{E){L oc ), £ x s t s h- £ Ag(x s ) 


s^C+oo 


s<g+oo 
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induces a k((t 1 ))*-linear map 


q : (z 6 -^)*^" 1 )) ->■ Lie(E)(Loo) t . 


Let / G Hom fc [ G ](F, Lie(-E)(-Loo))- Since V" is a finite set, then z sqn f(V) C z e d 0^ 0 for s 0. 
Define / : V -> u i-A z~ sqn ]{v)t sqn . The fact Af = z«" shows g(/) = / and 

hence q is surjective for * = p. Actually, the composite (z e_d <9£,)* [f] (z e_d C ) ^ 0 )*((t _1 )) A 

Li e(E)(L 00 ) a , is also surjective. By the exact sequence 


and go(l—t _1 Ao) = 0, q factors as (z e_d 0£,)*((f _1 )) —tC A Lie(i?)(L 00 )*. Let (z e ~ d O£ 0 )* [t] 

D be the cokernel of (z _li O^),[t] t ~ A -°). (z e ~ d O% 0 )*[t\. For d » 0, automorphisms log B on 
z~ d O^[t] and z e - d d^[t] induce 

r 

logs °(t — AgT 6 ) = (t — A 0 ) o log B : (z (z e d ^oo)*M- 

s=0 


Then (z e - d C>^)»[f] ? llog g> D is the cokernel of (z~ d O^)4t] - ^?=°'T . > (z e - d O^)4t]. There 




exists a unique /c[£]*-linear map rj : D ^ C such that the following diagram commutes: 


(z~ d O^) t [t] * A ° > ( z e ~ d O £,), [i]-A-^ D -Lie(£)(Loo)* 

(z^OMit- 1 )) (z*- d dM(t-i)) -- C - ^ Lie (Fl)(Loo)*. 

We have shown that pryKi is surjective and so are prj and p. By [4j Lemma 3.2 ], we have two 
short exact sequences 


( Ln oo)* [t] ^ (L n oo)* [t] ^ Li <E)(L, 


0 -> 


ra* 

91 )* 


[t] 


91 ) 


(Lqo)* m 

ra* 


Lie(£)(<7 L )* 
A(-Lqo)* 


E(O l )* 


Let p be the natural map Lie(i?)(L 00 )* —» Lie(i?)(o”)* an< ^ ex Ps ' Lie(Fl)(L 00 )* 
induced by exp^ : Lie(A)(Loo) — > E(L oo). By the commutative diagram 


the map 


mx, £*)[t] -- (z~ d OMt] 


t~T,l = o A sr s 

t—Ao 

'' ' 



RT(X, £*(eoo))[i] {z e ~ d O^)*[t} 


(L” 


(® 2 ) 
t-A, 

^ (£" ) 


rW 


t-Y, T s=0 A ‘T a 

(ofrfM’ 
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we get two quasi-isomorphisms 


(5.5) 

(5.6) 


RT 


RT 


(X, £.[t] £„(eoo)[i]) [1] ~ (D 


- > £*(eoo 


ppr Li e(E)(L 00 ) Jt 
Ue(E)(0 L )* 

^ ^ exp E pp E(L oo). 


> 


I 1 ! ~ ( 


e{o l )J' 


Since X is projective, then (15.51) and (15.61) show that 


(5.7) 


D 


Lie(X)(Loo)* 


Ue(E)(0 L ), 
By (15.51) and (15.61) . the composite 


j and ^ 


D 


exp B PV 


E(L C 


E(O l ) 


-) € .D perf (&[£]*). 

* ' 


detfc^j, (rt(x, £*[t] * ■ A °> £*(eoo 


-l 


~ det 


fe[t] 


-H 


X, £, 


ldet fc [t], (i?r(x, £*(eoo)[t]j) 


det fc [ t ], (i?r^X, £*[t] 


*-Er=o A » ri 


>£ 


defines an isomorphism 


7 : det fe [ t ], [d 


ppv Lie(£/)(L C 


It) - detfc ^* ( 


: (eoo)[t])) 


Li e(E)(0 L ). 

By (15.21) . (15.51) . (15.31) and (15.61) . we get two quasi-isomorphisms 

ppv Lie(£/)(L OCl )* 


JJ ex P ePI, E(L oo). 


E(O l )J' 


91 ■ (d 

92 ■■ (d 


) ®fc[ t ], *((* a ))* - C; 


Ue(E){0 L )* ■ 

=^|^)% w .«(r‘))..c. 


By Lemma 15.11 we have 

(5.8) L(E, *) = [det(g 2 )o( 7 ( 8 )id fe(( t-i )) Jodet( 5 i ) _1 : 1] £ fc((t _ 1 ))J. 


Let 1C be the kernel of the surjective map D Lie(£i)(Loo)*. 


We get two distinguished 


triangles 



(5.9) 

c- ' fn ppi t Lie(£')(I/ 00 )* 
V Lie(£7)(Oi)* 

^ — t ^Lie(i?)(Loo) 

(5.10) 

ir , /n ®*PePP ^(Loo)*^ 

^ 1 °- 1 B( 0l )J 

— t ^Lie(£/)(Loo)* 


p Li e{E)(L OO ) * 
* ^ Lie(E)(O l)* 

ex P e k £?(ioo)^ 

* E{O l )J ‘ 


) 


D(fc[t]*). Let L be the kernel of the surjective map C A Lie(.E)(Loo)*- We get a short exact 


sequence 


(5.11) 


0a 1-M74 Lie(E)(L 00 )* ->• 0 
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of k{(t 1 ))*-modules. Then 77 : D —> C induces a fc[i]*-linear map 1C L and a k((t 1 ))*- 
linear map 1C ®ju t r L. The identity map of Lie(i?)(L 00 )* as fcftj^-modules induces a 

fc((f -1 ))*-linear map 

Lie(£ l )(L 0 o)* h{(t 1 ))* — t Lie(£/)(L 00 )* 

and two morphism of complexes 

hi : ^Lie(.B)(Too)* A- ) ®*M* M(* *))* Lie(Tl)(I/oo)*; 

h 2 : (Lie(B)(Loo)* ^Ql) ) ^ Lie (^)( L °o)*- 

By @], Lie(B)(Oi) is a lattice of the finite dimensional fc((t _1 ))-vector space Lie(B)(Loo). By the 
flatness of k[t] —> fc((t -1 )), we have 

Hom MG] (F, Lie(£)(0 L )) ® F[t] 

= Hom fe[G] (V, Lie(£?)(0 L )) ® fe [ t ] A:((t _1 )) 

= Hom fe[G] (V, Li e(E)(0 L ) ® fc [t] Mr 1 ))) 

= Hom fe[G] (V, Lie(B)(Loo)). 

This means that Hom fc [ G i(V, Li b(E)(Ol)) is a lattice of the finite dimensional F((t _1 ))-vector 
space Hom fe [ G ](V, Lie(£l)(L 00 )). So Lie(B)(0 G )* is a lattice of the fc((t _1 ))*-module Lie(B)(T 00 )* 
for * = p or G in the sense of Definition 11.101 Then hi is a quasi-isomorphism by the fact 

(Lie(B)(Toc)* A e £ perf (M*]*)- 

By (15.71) and (15.91) . 1C € Z) perf (fc[f]*). By (15.71) and (15.101) . 

(Lie(B)(Loo)* ^ |||^) e D perf (fc[t]*). 

Consider the natural morphism of triangles 

(5.12) (EH) ® fc[t] . Mr 1 ))* - /,g1 ’ 1 h -> E 3 B); 

(5.13) eihd M r 1 ))* - /,g2,/t2 - > Em 


Since tq and hi are quasi-isomorphisms, so is /. Since g -2 is a quasi-isomorphism, so is h 2 . Distin¬ 
guished triangles (15.91) and (15.1011 and 7 define an isomorphism 


7i : det fc [ t ]„ ^Lie(£l)(Too)* 


p Li e(E)(L oo)* 


—> 


Li e(B)(0 L )* 


:det fc[t] .(Lie(S)(Loo). 


E (-^oo)* 

£(Ol)* 
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Applying [ 3 ] Lemma 3.1 ] to (] 5 . 121 ) and ( 15 . 131 ) . we have 

( 5 . 14 ) [det(c/ 2 )( 7 ® idfe(( t -i))Jdet(gi ) _1 : 1 ] = [det(/i 2 )( 7 i ® id fe(((-i)) J det(/ii ) _1 : 1 ]. 
We have 

expE E(Lcx>)*' 


H° 

H 1 

H s 


(Lie(E)(Loo)t ^4 =exp ~ e \E(O l )U 

(Lie(£l)(L 00 )* ^4 
(Li e(L/)(L 00 )* 


ex P £ v ^oo)^ =Q) fors ^ 0i L 


E(Ol), 


Since h 2 is a quasi-isomorphism and (Lie(Ll)(L 00 )* 


ex Ps, £(£<*,) 
y E(Ol) 


- j is perfect, then exp ^{E{Ol))* 


is a lattice of Li e(E)(L 00 )^ and H(E, *) is a finite fc[f]*-module. Thus we get two lattices 
Li e(E)(OL)* and exp^ 1 (E(Ol))* of the fc((t _1 ))*-module Lie(E)(Loo)*. 

Fix an isomorphism y 2 : det fc [ 4 ] t (Lie(.E)(C>L)*^ ~ detfc[ t ]„ (exp^^E^Cb,))*) and 73 : k[t]* ~ 
detfe[t]. ^H(E, *)^J. By [21 Lemma 3.1] and an equivariant version of |4j Lemma 3.3 ], we have 

[det(h 2 )( 7 i (g) id A , ((t -i )) Jdet(hi ) _1 : 1 ] 

[det (Lf°(/i 2 )) (72 g idfc ((t -i ) ) > ) det (JL°(hi)) 1 : 1 ] 
[det( 7 L 1 (/i 2 ))( 7 3 g)id fc( ( t -i )) Jdet(lL 1 (/ii)) 1 : 1 ] 

= [Lie(E)(0 L )* : exp^E^))*]^-*)), • | H(E, *)| fc[t] . € M(* _ 1 ))* X A* X • 

Since L(E,p), [Lie(E)((D L )* ■ exp^ 1 (E(0 and | H(E, *)U[t]„ are monic, then by (15.81) 

and (15.141) . we have 

L(E, *) = tLie(£?)(Oi), : exp^(E(0 L ))*] fc((4 - 1))t • | H(E, *)| fc[ t]. e fc((* _1 ))* x - 
Take * = p or * = G if G is an abelian group of order prime to p, we have 

L(E, p) = [Hom MG] (V, Lie(E)(0 L )) : Hom fe[G] (V, exp- 1 (S(O i )))] F((t - 1)) • | H(E, p)\ F[t]] 
L(E, G ) = [Ue(E)(0 L ) : exp^ 1 (E(O i ))] fc((t - 1))[G] • \H{E, G)| fe[t][G] . 

This completes the proofs of Theorem 11.111 and Theorem ll.131 (1). 

Lemma 5.2. For any fc-module M and any finite E-module N, the trace map tip/k ■ F k 
induces tr p/k g id m • F g) k M —> k <g>k M = M and a F- linear isomorphism 


Homi?(TV, F <g) fe M) ~ Homt(TV, M); / trpy fe g id M ° /. 
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For any fc[G]-module M and any finite F[G]-module N, the trace map tr F / fc induces an isomorphism 

Hom F[G] (jV, F® k M) ~ Hom fc [G](Ar, M). 

Proof. Let 0 / / 6 Hom F (iV, F). Then / is surjective. By the surjectivity of tr F /*, : F k, 

tip/k o f '■ N -A k is surjective. This proves the injectivity of Horn F (TV, F ) - > Hornfc(iV, k). 

Both sides are F-vector spaces of the same dimension, then tr F / k : Hom F (lV, F) —)• Homfc(.ZV, k) 
is an isomorphism of F- vector spaces. The lemma follows from the canonical isomorphisms 

Hom F (lV, F) ® F (F M) ~ Hom F (lV, F M) and Homfc(./V, k ) M ~ Honifc(./V, M). 


□ 

Lemma 5.3. Let IV be a finite F[G\ -module and let <f> be a k[t\ [G]-linear endomorphism of a 
finitely generated free k[t] [G]-module M. Let (j>* be the F[f]-linear endomorphism of the F[t]~ 
module Hom fc [ G ](./V, M) induced by <f>. Suppose G is an abelian group of order prime to p. We 
have 

det F[t] ($*, Hom fc[G] (iV, M)) = det F[i] (det fc[t] [ G ]0, M), JV[i]). 

Proof. By Lemma 15.21 we have 

det F [ t] (</>*, Hom fc[G] (TV, M)') = det F[t] ((id F ® </>)*, Hom F[G] (iV, F® fc M)); 
det F[t] ^det fc[t ][ G ](0, M), iV[i]) = det F[t] (det F[t ] [G] (id F 0 0, F® fe M), IV [t]). 

So we may assume that F = k which is algebraically closed. For any character y : G — > k x , set 
e x = ]< 5 i£ k\G\. Then e x is an idempotent element of k[G] and e x k[G] ~ k and 

MG] = n x:G ^ fe x e x k[G\. Then 

det fc[t] (</>*, Hom fc[G] (N, M)j = det fc[t] ^(e x 0)*,Hom exfe[G] (e x lV, e x M)); 

X :G^fe x 

detfe[t] ^detfc [G][t] (<j>, M), 7V[t]) = det fc[t] (det exfc[G][t] (e x </>, e x M), e x N[t\^J 

X’-G—>k x 

Then we may assume that G is the trivial group. In this case, 

det fc [ t ]^*,Hom fc (iV, M)) = det fe[t] (</>, M) dimkN = det fc[t] (det fc[t] (0, M), iV[t]). 

□ 
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Applying Lemma 1531 to N = V, M = G£/p(9£[t] and </> = t — A 0 or < j> = t — A s r s , we 
have 

det F[t] (t - A 0 , Rom k[G] (V, 0£/p0£[t])) 

L(E,p) = [] -^- ' 

peMax(o K ) det F [t][t-J2's=oAsT s , Hom fc[G] (V, O n L /pO n L [t])) 


det F[t] (det fe[t][G] (t-A 0 , O n L /pO n L [t ]), V[t]) 
peMax(Ojf) det F[t] (det fc[t][G] (t - £I=o A s r s , G£/pG£[t]), V[t]) 


= det 


Fat- 1 )) 


( n 


detfc [t][G] (t — Ao, Ol/pOl[t]) 


pGMax(0/f) 


(t-E 

det F((t -i )) [l{E, G), £ Far 1 )). 


s=0 A s T°,Ol/pOl[t]) 


, nr 1 ))) 


This proves Theorem 11.131 (2). 


6. Special values of Artin L-functions of Galois representations 

Recall that L/K is a finite Galois extension of Galois group G. Let p be a maximal ideal of Ok 
and tp a maximal ideal of Ol above p. Let e be the ramification index of L/K at p. Let frobqj be 
the inverse image of the Frobenius element Frobtp £ Gy/L p in G<p. Then |frob<p| = e. 

Lemma 6.1. If L/K is abelian and tamely ramified at p, then e||ft p I- 

Proof. Let K v and be the complete fields of K and L at p and tp, respectively. Then G<p ~ 
G(L<p / Kp) and L<p/A' p is tamely ramified at p. Let M be the maximal unramified extension of 
Kp in Aqj. So Lqj/M is totally and tamely ramified. So there exists a uniformizer £ of M such 
that Lqj = M( •£/£)■ Since Lqj/M is Galois, one can choose a primitive e-th root of unity £ in M. 
Let er £ G(Lqj/M) such that <7 (•£/£) = ££/£. Choose S £ G(Aq}/AT p ) such that 5\m is the Frobenius 
element of the unramified extension M/ Kp. Then i 5(£/£) = a-T for some a £ C?£ . One has 

^(vT) = = cr (a)C\/C and <5(a(y/£)) = *(£</£) = 6(0^- 

Since G is abelian, we have cr(a)£ = 6(£)a. Since Aqj/M is totally ramified, then the residue fields 
of M equal to /ctp. Let 5 £ G(Aq j/k p ) defined by (5 and £ the image of £ in K<p. Then <5(£) = £. 
Since <5 generates G(n<$ / Kp), then £ £ k p . Since (e, |k p |) = 1, then £ is a primitive e-th root of 
unity in k p and hence e||ft p |. □ 
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Lemma 6.2. Suppose L/K is abelian and tamely ramified at p. Then 

E, a{x) = ex^ Kf ^ (mod p Ol) for any x £ Ol- 

erG frobq3 

Proof. Let M = L 1 ^ and let q lf ..., q r be the various prime ideals of Om above p. Then p Om = 
qi • • • q r . There exists a unique prime ideal ^ of Ol above q.; for any 1 < i <r. Then q 
and Om/ q* — Oh/tyi- For any x £ Ol , there exists y € Om and z £ ip; such that x = y + z. By 
the definition of frob<p, we have 

E (cr( 2 /) — Z/ |Kpl ) e q/. 

<TEfrobq 3 

By Lemma 16.11 e < |re p | and then 

E a(z) £ L= M = q, and £^ = q t O L . 

cr Gfrobq^ 

So 

r 

E W*)-x lKpl )= E Hy)-y ]Kpl )+ E (^)^ w )efl <uOl = po l . 

crGfrobsp crGfrobqj cr£frob<p 2=1 

□ 

Lemma 6.3. Suppose L/K is abelian and tamely ramified at p. Then 

\C^{0 L /x>0 L )\ m[G] = \K p \ n m -- e E V£kim-, 

crGfrobq 3 

\Ue(C® n )(0 L /pO L )\ k[t][G] = \K p \ n k[t] £ k[t}. 

Proof. For any 1 < i < n and S £ G(/i p /fc), let Mj t ,5 be the k -vector space Ol/pOl equipped with 
the Kp-module structure given by the composite n p A k p = Ok/P Ol/pOl • Then we have a 
ftp-linear isomorphism 

Ol/POI k p ~ (0 M itS -, (xi,...,x n ) ®y H- ®ijS{y)xi, 

l<2<n, 5 (zG(Kp/k) 

where the re p -module structure on O^/pO 7 / ®k «p is given by ft p . By Definition 11.31 

C® n (t){x 1 ,... ,X n -!,X n ) = (zx 1 ,... ,zx n -i,zx n ) + (x 2 , ■ . .,x n ,xf) 

for any (xi,... ,x n ) £ O£/p0£. Let r £ G(ft p //c) be the q-tli power map. Then the operator 
z< 8 )id rtp on G£/pO£® fc K p corresponds to ©i, 5 < 5 _ 1 (z) : ©, 5 M h g 0 i s M iiS and that of (G® n (t)- 
z)®id K)J to (/> such that (f{Mi } g) C and 4>{M\ t g) C M n< g T for any 2 < i < n and 6 £ G(k p //c). 
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Moreover, <j> : Mi g —»■ corresponds to the identity map and <j> : Mi g M n g T to the q- 

tli power map via M. L g = O^/pO^. Then preserves Mjg and : M t g —> M. k g 

corresponds to the q^ Kp:k ' i = |ac p |-th power map via M^g = Ol/pOl • By Lemma [6.21 </>™[ K P :fc ] = 
e X^trefrobqj on ^i,s- Since L/K is tamely ramihed at p, then Ol/pOl is a free k p [G]- module of 
rank one. By a little modification of [3; Lemma 8.1.3 ], we have 


\c® n (o L /po L )\ k[t][G] 

= detfc[f][ G ]^t 

-c®"(t), o n L /po n L [t]) 

= det Kp[t][G] ( 

t - C7®"(t) ® id Kp , Ol/pOl ® k Kp[t]) 

= det Kp[t][G] ( 

t - ®i,g6~ 1 (z) - (/, (J) MiAt]) 


l<i<n, <5 eG(ac p /k) 

= det Kp[t][G] ( 

II (t-s-\z))-r [Kf:k \ M GT [t]) 


l<i<n, 5 gG(/c p / k ) 


n {t ~ 5 l w>-\ y a 

l<i<n, 8 £G(k, p / k) crEfrobq 3 

= I k pI fe[t] ~ Y, <*€k\t][G\- 

Cr£ frobq3 

Using the same method, we also have 

\Ue(C® n )(0 L /pO L )\ k[t][G] = | Kp |" [t] e k[t\. 


By normal basis theorem, is a free k p [G(i c<p/(t p )]-module of rank one. By the same argument 
of Lemma 16.31 we have the following corollary for any finite Galois extension L/K not necessary 
abelian or tamely ramified at p. 


Corollary 6.4. We have 

\C® n (K V )\ k[t][G{K , v / Kp) ] = |« P |* [t] -Frobqj e k[t\[G{n v /n p )}; 
|Lie(G®")(fc<p)| fe[t][G(K ! p/re t ,)] — l K plfc[t] € k[t]. 


Lemma 6.5. Let p : G —> GL^(U) be a hnite dimensional F-linear representation. We have 


( 6 . 1 ) 


( 6 . 2 ) 


|Hom MG] (U, C® n (0 L /pO L ))\ F[t] 
|Hom fe[G] (U, Lie(G®")(GL/pG L ))|F[(] 
\V* ®k{G]C® n (0 L /pO L )| F[t] 
\V* Lie(G®")(G L /pG L )| F[f] 


= det F [[t-i]] (l - 

F[[(- 1 ]]( 1 - 


p(Frob<p) 


= det 


ME [tl • V, * I[ '" I|1 ) ; 


k[t\ 
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Proof. Let < )3 1 ,...,lp r be the various primes of O k lying above p such that ^ Then 

Ol/vOl = n r i=iO L m- So O l /pO l = Indg v (0 L /y B ) = k[G) ® k[Gv] 0 L /<$ e as A[G]-modules. 
Then 

Hom fc[c] (K 0 L /p0 L ) = Hom fe[G] (V, Indg,, (0 L /^ e )) = Hom fe[Cv] (K 0 L ft 3 e ); 

® fc [G] °l/p° L - v * ®fc[G] fc [G] ® k[Gv] o L /y? = y* ® k[Gv] o L /y e . 

So we may assume r = 1 and then G = G v . Let r 0 = Lie(G 0n )(t) and n = C® n (t) - Lie(G®")(t). 
Since ro,ri) £ NilCohg (k v . k), the short exact sequence 0 — > ^/fp e —> Ol/^ b — > 

—> 0 shows 

(6.3) (Hom fc[G] (y, (O L /¥ e ) n ),T 0 , n) ~ (Hom fc[G] (y, k%), t 0i n) £ Crys(n p , F ). 

Since Ir 9 acts trivially on and G/Itp ~ G(k<^/k p ), we have 

Hom fc[G ](y, K<p) ~ Hom fe[G ](y/ v , k v ) = Hom fe [ G ( K „/ Kp )] (V Iv , k, v ) 

V* ®fc[G] K 'V = {V*)ly ®fc[G] K 'V ~ (V Iv )* ®k[G(K V / Kp )] K 'V- 


By Lemma 15731 and Corollary [631 we have 


|Hom fc[G] (y, C^iO L /pOL))\F[t] 

|Hom fc[G] (y, Ue(C® n )(0 L /pO L ))\ F[t] 

det F[t] (t - C® n (t), Hom fc[G] (y, Ol/pO n L )[t]) 

det F[t] (f-Lie(G® n )(i), Hom fe[G] (y, / pO n L )\t^j 

det F[t] (t - C® n (t), Hom fe[G(Kv/Kp)] (y /¥ , 

det F[t ] (t — Lie(C® n )(t), Horn k [G( KV / Kf )]{Vi v , «$[*])) 

det F[t] (det k[G{Kv/Kpm (t - C® n (t), V Iv [t]j 


(detfc[G(K ¥ / K p)][t] (t - Ue(C® n )(t ), 

«$[*]), Vl *®) 

(l K plfe[t] -p(Frobqj), V Iv [t]j 



det F[t] (|«p|fc [t]) V Iv [tij 


= det^-1]] (l - [[t-1]]) e 1 + t-'Fllt- 1 ]], 

v I k pI k[t] ' 

where the second equality holds by applying Lemma 13.181 to (16.31) . 


Equality (16.21) is a dual version of (16.11) . 


□ 
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Define the trace map 

trip : V Iv -> V Iv , tr<p(v) = ^ p(g)(v) for any v £ V Iv . 

Suppose L/K is tamely ramified at p. This means (p, e) = 1. For any v £ V I, v , we have 
tr<p(|u) = v. For any v £ V such that tr<p(u) = 0, we have v = — p(g)(v)) £ i v V. This 

proves that trip is an isomorphism if L/K is tamely ramified at p. Since L/K is Galois, there are 
only finitely many prime ideals of Ok where L/K is ramified. By Lemma 16.51 we prove Lemma 
Ed and Lemma Ed 

Lemma 6 . 6 . Define the trace map 

tr p : V* ® fc[G] Of -+ Hom fc[G] (y, O n L ) 

by tr p (f®x)(v) = 'E g eG tr F/k(f{g~ 1 v))gx for any / £ V* , x £ Of and v £ V. 

(1) The trace map tr p is well defined and F 0 *, G^-linear. 

(2) Let S be the finite set of prime ideals of Ok where L/K is wildly ramified. Let M = ker(tr p ) 
and N = cok(tr p ). Then M and N are two finite (D^-modules supported on S. 

(3) If V is a projective y[G]-module, then a is an isomorphism. 

Proof. (1) holds by direct calculations. Let Ok, p be the complete local ring of Ok at p and 
Ol, p = Ol ®o k Ok, p- Suppose L/K is tamely ramified at p. Then Ol,p is a free Ok,p[G]- 
rnodule of rank one. To prove (2), it suffices to prove the bijectivity of 

tr p : V* 0 fe[G] Ol p Hom fc[G] (y, Of,,). 

Since Ol, p is a free /c[G]-module, then we only need to show the bijectivity of 

tr p : TG 0 fe[G] k[G] ->■ Hom fe[G] (y, k[G]). 

The proof is direct. If V is a projective .F[G]-module, we may assume that V = ,F[G] is the regular 
representation reg of G. Then (3) holds by the isomorphism 

tr reg : Hom F (F[G], F) 0 fe[G ] Of -t Hom fe[G] (F[G], Of). 

□ 
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Theorem 6.7. We have 


L(n, p) = [Hom fe[G] (V, Ue{C® n ){0 L )) : Hom fc[G] (V, exp"*„(C'® n (0 i )))] F((t -i )) 

|ffrr ®n a, \Ue(C^)(M)\ F[t] \C*"{N)\m 

I v ’P)\nt] |c®»(M)| F[t] |Lie(C®«)(AT)| F[t] - 

This means that L(C® n , p) = A • L(n, p) for some A G F(t) x . If L/K is tamely ramified at any 

prime ideal of Ok or V is a projective F[G]-module, then L(C® n , p) = L(n, p). 


Proof. By Lemma 16.61 and applying Lemma 13.181 to the exact sequence 

O^M^V* ® fc[G] O n L ^4 Hom fc[G] (V, O n L ) -+ N ^ 0, 


we have 


L{n, p) = L{C® n , p) 


\Ue(C® n )(M)\ F[t] 


\C® n {M)\ F [ t ] 

The theorem holds by applying Theorem II. Ill to G® n . 


\c® n mF { t] 

\Ue(C^)mF[t}' 


□ 
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